Abstract. Generalizing previous results, we give an algebraic characterization of elementary equivalence for polycyclic-by-finite groups. We use this characterization to investigate the relations between their elementary equivalence and the elementary equivalence of the factors in their decompositions in direct products of indecomposable groups. In particular we prove that the elementary equivalence G ≡ H of two such groups G, H is equivalent to each of the following properties: 1) G×· · ·×G (k times G) ≡ H×· · ·×H (k times H) for an integer k ≥ 1; 2) A × G ≡ B × H for two polycyclic-by-finite groups A, B such that A ≡ B. It is not presently known if 1) implies G ≡ H for any groups G, H.
In the present paper, we investigate the elementary equivalence between finitely generated groups and the relations between direct products and elementary equivalence for groups. First we give the relevant definitions.
We say that two groups M, N are elementarily equivalent and we write M ≡ N if they satisfy the same first-order sentences in the language which consists of one binary functional symbol.
We say that a group M is polycyclic if there exist some subgroups {1} = M 0 ⊂ · · · ⊂ M n = M with M i−1 normal in M i and M i /M i−1 cyclic for 1 ≤ i ≤ n. For any properties P, Q, we say that M is P -by-Q if there exists a normal subgroup N which satisfies P and such that M/N satisfies Q.
For each group M, we denote by Z(M) the center of M. For each A ⊂ M, we denote by A the subgroup of M generated by A. We write 
. . , x h ∈ M}. Each of the properties M ′ = M ′ (h) and M k = M k (h) can be expressed by a first-order sentence. As polycyclic-by-finite groups are noetherian, it follows from [16, Corollary 2.6.2] that, for each polycyclic-by-finite group M and each k ∈ N * , there exists h ∈ N * such that M ′ = M ′ (h) and M k = M k (h). Actually, the result concerning the property M ′ = M ′ (h) was first proved in [15] .
For each group M and any subsets A, B, we write AB = {xy | x ∈ A and y ∈ B}. If A, B are subgroups of M and if A or B is normal, then AB is also a subgroup.
For each group M and each subgroup S of M such that M ′ ⊂ S, we consider the isolator I M (S) = ∪ k∈N * {x ∈ M | x k ∈ S}, which is a subgroup of M.
We write Γ(M) = I M (Z(M)M ′ ) and ∆(M) = I M (M ′ ). We also have Γ(M) = I M (Z(M)∆(M)). If M is abelian, then ∆(M) is the torsion subgroup τ (M).
For any h, k ∈ N * , there exists a set of first-order sentences which, in each group M with M ′ = M ′ (h), expresses that Γ(M)
During the 2000s, there was a lot of progress in the study of elementary equivalence between finitely generated groups, with the proof of Tarski's conjecture stating that all free groups with at least two generators are elementarily equivalent (see [5] and [17] ).
Anyway, examples of elementarily equivalent nonisomorphic finitely generated groups also exist for groups which are much nearer to the abelian class. One of them was given as early as 1971 by B.I. Zil'ber in [18] .
It quickly appeared that the class of polycyclic-by-finite groups would be an appropriate setting for an algebraic characterization of elementary equivalence. Actually, two elementarily equivalent such groups necessarily have the same finite images (see [9, Remark, p. 475] ) and, by [4] , any class of such groups which have the same finite images is a finite union of isomorphism classes.
Between 1981 and 1991, algebraic characterizations of elementary equivalence were given for particular classes of polycyclic-by-finite groups (see [9] , [11] and [12] ). During the 2000s, some new progress was made with the introduction of quasi-finitely axiomatizable finitely generated groups by A. Nies (see [6, Introduction] ). This line of investigation, and in particular the results of [6] , made it possible to obtain the characterization of elementary equivalence for polycyclic-by-finite groups which is given below.
By Feferman-Vaught's theorem (see [3] ), we have
In particular, we have × k G ≡ × k H for each k ∈ N and any groups G, H such that G ≡ H. In [7, p. 9] , L. Manevitz proposes the following conjecture:
L. Manevitz mentions that the conjecture becomes false if we consider sets with one unary function instead of groups. He obtains a counterexample by taking for G the set N equipped with the successor function and for H the disjoint union of two copies of G. We have × k G ∼ = × k H for each integer k ≥ 2, but G and H are not elementarily equivalent.
It seems likely that the conjecture is also false for groups in general. Anyway, it appears that no counterexample has been given until present.
For some classes of groups, we prove that the conjecture is true by showing that the groups are characterized up to elementary equivalence by invariants with good behaviour relative to products. We show in this way that the conjecture is true for abelian groups, using the invariants introduced by Szmielew or Eklof-Fisher (see [2] ).
Similarly, by [11, Cor., p. 1042] , two finitely generated abelian-by-finite groups G, H are elementarily equivalent if and only if they have the same finite images. For polycyclic-by-finite groups, and in particular for finitely generated abelian-by-finite groups, the last property is true if and only if G/G n ∼ = H/H n for each n ∈ N * . The conjecture is true for finitely generated abelian-by-finite groups because, for any such groups G, H and any k, n ∈ N * , the finite groups G/G n and H/H n are isomorphic if and only if
n are isomorphic. Also, according to [12, Th., p. 173] , which answered a conjecture stated in [8] , two finitely generated finite-by-nilpotent groups G, H are elementarily equivalent if and only if G × Z and H × Z are isomorphic. It follows that Manevitz's conjecture is true for finitely generated finite-by-nilpotent groups (see [12, Cor. 1, p. 180] ).
In the more general case of polycyclic-by-finite groups, neither of the properties above is a characterisation of elementary equivalence. Actually (see [12, p. 173] ), there exist: 1) two finitely generated torsion-free nilpotent groups of class 2, G, H, which have the same finite images and do not satisfy
2) two polycyclic abelian-by-finite groups G, H which have the same finite images and do not satisfy G × Z ∼ = H × Z. It follows from [11, Cor., p. 1042] that G and H are elementarily equivalent in the second case and from [12, Th., p. 173] that they are not elementarily equivalent in the first case.
However, Theorem 1.1 below gives an algebraic characterization of elementary equivalence for polycyclic-by-finite groups. In the second section of the present paper, we use it in order to prove that the conjecture is true for such groups. 
The following Proposition implies that the case n = 1 of the characterization above is equivalent to the stronger property G × Z ∼ = H × Z. We shall give the proof of the Proposition first, since it is much shorter than the proof of the Theorem. Proposition 1.2. For any groups G, H with G/G ′ and H/H ′ finitely generated, the following properties are equivalent:
Proof of Proposition 1.2. First we show that 1) implies 2). We consider an isomorphism f :
We write f (u) = w k x l y and f (v) = w m x n z with k, l, m, n ∈ Z and y, z ∈ f (G) ∩ H. We have u ∈ Z(M), whence f (u) ∈ Z(N) and x l y ∈ Z(H). The integers l, n are prime to each other since f induces an isomorphism from
For each s ∈ N * , we can choose r in such a way that lr + n is prime to s, since l and n are prime to each other. Then |H/f r (G)| is prime to s.
Now it suffices to prove that 3) implies 1). The property [12, Prop. 3] and its proof. Actually, the group G considered in that proposition is supposed finitely generated finite-by-nilpotent, but the proof only uses the property "G/∆(G) finitely generated".
The definitions and the two lemmas below will be used in the proof of Theorem 1.1.
For each group M, we write
is the additive structure of a Q-vector space.
Definitions. Let M be a group, let K be a group of automorphisms of M and let A, B be subgroups of M stabilized by
Lemma 1.3. Let M be a finitely generated abelian group with additive notation, let N, S be subgroups of M such that N ∩ S = {0}, and let K be a finite group of automorphisms of M which stabilizes N and S. Then there exists a K-quasi-complement T of N in M which contains S.
Proof of Lemma 1.3. We consider an integer r ≥ 1 such that r.τ (M) = {0} and r.I M (S) ⊂ S. We write M * = rM, N * = M * ∩N and S * = M * ∩S. Then M * and M * /S * are torsion-free. We have N * ∩ S * = {0} and M * , N * , S * are stabilized by K. As M/M * is finite, it suffices to show that N * has a K-quasi-complement in M * which contains S * , or equivalently that N * has a K-quasi-complement in M * /S * . Consequently, it suffices to prove the Lemma for M finitely generated torsion-free abelian and S = {0}. Then M can be embedded in a Q-vector space M of finite dimension such that the action of K on M is defined. Moreover, K stabilizes the isolator N of N in M , which is a subspace of M . It follows from the proof of Maschke's theorem given in [1, pp. 226-227] 
Lemma 1.4. Let M be a torsion-free abelian group with additive notation, let N be a divisible subgroup of M, let S be a subgroup of M such that N ∩ S = {0}, and let K be a finite group of automorphisms of M which stabilizes N and S. Then there exists a K-complement T of N in M which contains S.
Proof of Lemma 1.4. It suffices to show that M = N ⊕S if S is maximal for the properties N ∩ S = {0} and S stabilized by K. Then we have I M (S) = S since N ∩ I M (S) = {0} and I M (S) is stabilized by K. We reduce the proof to the case S = {0} by considering M/S instead of M. Now suppose S = {0} and consider x ∈ M − N. Then K stabilizes T = {f (x) | f ∈ K} . In order to obtain a contradiction, it suffices to prove that there exists a nontrivial subgroup U of T stabilized by K such that N ∩ U = {0}. But, as T is finitely generated, it follows from Lemma 1.3 that N ∩ T has a K-quasi-complement U in T . Moreover, U is nontrivial since T /(N ∩ T ) is torsion-free and therefore infinite.
Proof of Theorem 1.1. First we show that the condition is necessary. We consider a finite generating tuple x of G. By [6, Th. 3.1], there exist an integer n ≥ 1 and, for each integer k ≥ 1, a formula ϕ k (u) satisfied by x in G such that, for each finitely generated group M and each tuple y which satisfies ϕ k in M, the map x → y induces an isomorphism from G/Z(G n ) to M/Z(M n ) and an injective homomorphism h : G → M with |M : h(G)| prime to k. As G and H are elementarily equivalent, we have |G/G n | = |H/H n | and there exists a tuple y which satisfies ϕ k in H. It remains to be proved that the condition is sufficient. First we show some properties which are true for each injective homomorphism f :
with r ∈ N * and z 1 , . . . , z r ∈ H. For each i ∈ {1, . . . , r}, we consider
We consider an ω 1 -incomplete ultrafilter U over N and the injective homomorphism f :
is defined since G n acts trivially on Z(G n ), and the action of
The same properties are true for H.
The same properties are true for H and D. Now we prove that there exists a subgroup T of
, and therefore induces an isomorphism from
In particular, each element of H U can be written in a unique way as a product of an element of f (T ) and an element of E(D U ). Now denote by u 1 , . . . , u m the elements of G U /(G U ) n and write [13] , and from the existence of isomorphisms Z U → Z U → Z × E(Z U ) which fix the elements of Z, where Z is the profinite completion of Z.
θ vm ) and therefore induces an isomorphism from
Any isomorphism from
, and therefore induces an isomorphism g :
Direct products and elementary equivalence.
For each group G and any subgroups A, B, we write G = A×B if G = AB and A ∩ B = [A, B] = {1}.
Then there exist an integer r ≥ 1 and, for each integer m ≥ 1, a formula ϕ m (u 1 , . . . , u n ) satisfied by (x 1 , . . . , x n ) in G such that, for each finitely generated group H with Γ(H) k ⊂ Z(H)∆(H) and ∆(H) k ⊂ H ′ , and for each (y 1 , . . . , y n ) which satisfies ϕ m in H, there exist some subgroups
Proof. By [6, Th. 3.1], there exist an integer r ≥ 1 and, for each integer m ≥ 1, a formula ψ m (u 1 , . . . , u n ) satisfied by (x 1 , . . . , x n ) in G such that, for each finitely generated group H and each (u 1 , . . . , u n ) which satisfies ψ m in  H, the map (x 1 , . . . , x n ) → (u 1 , . . . , u n ) induces an injective homomorphism f : G → H with H = f (G)Z(H r ) and |H : f (G)| prime to m. It suffices to show that ϕ m exists for m divisible by r. We fix m for the remainder of the proof.
For 1 ≤ i ≤ n, we write
We consider an integer t ≥ 1 such that G ′ = G ′ (t). We denote by α(u 1 , . . . , u n ) a formula which says that
From now on, we only consider groups H such that
(H)∆(H) and ∆(H)
k ⊂ H ′ , and sequences (u 1 , . . . , u n ) which satisfy α∧ψ m in H. For each i ∈ {1, . . . , n}, we consider a sequence of terms ρ i (u i ) such that each element of ∆(G i ) can be written in a unique way in the form xy with x ∈ ρ i (x i ) and y ∈ G
there exists a formula β(u 1 , . . . , u n ) satisfied by (x 1 , . . . , x n ) in G which expresses that:
′ for 1 ≤ i ≤ n and v, w ∈ ρ i (u i ); 3) each element of ∆(H) can be written in a unique way as v 1 · · · v n v with v ∈ H ′ and v i ∈ ρ i (u i ) for 1 ≤ i ≤ n (here we use ∆(H) k ⊂ H ′ ). It follows from 1), 2), 3) that ∆(H) is the direct product of the subgroups
From now on, we only consider sequences (u 1 , . . . , u n ) which satisfy α ∧ β ∧ ψ m in H.
For each i ∈ {1, . . . , n}, we consider some terms σ i,1 (u i ), . . . , σ i,r(i) (u i ) such that each element of Γ(G i ) can be written in a unique way as with a 1 , . . . , a r(i) ∈ Z and y ∈ ∆(G i ). There exists a formula γ(u 1 , . . . , u n ) satisfied by (x 1 , . . . , x n ) in G which expresses that each element of Γ(H) can be written as u = Π 1≤j≤r(i) 1≤i≤n σ i,j (u i ) a i,j v km w with 0 ≤ a i,j ≤ km−1 completely determined by u for any i, j, and v ∈ Γ(H), w ∈ ∆(H).
For each i ∈ {1, . . . , n}, we also consider some terms τ i,1 (u i ), . . . , τ i,s(i) (u i ) such that each element of G i can be written in a unique way as with a 1 , . . . , a s(i) ∈ Z and y ∈ Γ(G i ). It follows that each element of C G (x * i ) = G i Z(G) can be written as
Consequently, there exists a formula δ i (u 1 , . . . , u n ) satisfied by (x 1 , . . . , x n ) in G which expresses that each element of C H (u * i ) can be written as u =
We denote by δ the conjunction of the formulas δ i . From now on, we only consider sequences (u 1 , . . . , u n ) which satisfy
As the abelian group Γ(H)/∆(H) is finitely generated and torsion-free, it is freely generated by the images of a family of elements (v i,j )
is finitely generated and torsion-free, it is freely generated by the images of a sequence of elements (w i,j ) 1≤j≤s(i) , where each w i,j can be written in the form τ i,j (u i )w m with w ∈ C H (u * i ), which implies w i,j ∈ C H (u * i ). For each i ∈ {1, . . . , n}, we denote by H i the subgroup of H generated by
We have H i ⊂ C H (u * i ) and each element of H i can be written in a unique way as uv
Finally, we show that Proof. There exists k ∈ N * such that Γ(G)
Consequently, by Theorem 2.1, there exist r ∈ N * and, for each n ∈ N * , a decomposition H ∼ = H 1,n ×· · ·×H m,n and some injective homomorphisms g i,n : G i → H i,n with H i,n /H r i,n = |G i /G r i |, H i,n = g i,n (G i )Z(H r i,n ) and |H i,n : g i,n (G i )| prime to n! for 1 ≤ i ≤ m. According to [14, Cor. 3 ], up to isomorphism, H only has finitely many decompositions in direct products of indecomposable groups. It follows that, up to isomorphism, H only has finitely many decompositions in direct products of groups, since any such decomposition is obtained by grouping together some factors of a decomposition in direct product of indecomposable groups. Consequently, there exists S ⊂ N * infinite such that, for each i ∈ {1, . . . , m}, the subgroups H i,n for n ∈ S are all isomorphic. By Theorem 1.1, it follows G i ≡ H i,n for 1 ≤ i ≤ m and n ∈ S.
implies the existence of a decomposition (× r J) × G ∼ = G 1 × G 2 with G 1 ≡ H 1 and G 2 ≡ H 2 . It follows that G is not J-indecomposable.
